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Abstract
Given a graph G = (V, E) and a spanning subgraph H of G (the backbone of G),
a backbone coloring for G and H is a proper vertex coloring V → {1, 2, . . .} of G
in which the colors assigned to adjacent vertices in H differ by at least two. In a
recent paper, backbone colorings were introduced and studied in cases were the
backbone is either a spanning tree or a spanning path. Here we study the case
where the backbone is a perfect matching. We show that for perfect matching
backbones of G the number of colors needed for a backbone coloring of G can
roughly differ by a multiplicative factor of at most 4
3
from the chromatic number
χ(G). We show that the computational complexity of the problem “Given a graph
G with a perfect matching M , and an integer `, is there a backbone coloring for G
and M with at most ` colors?” jumps from polynomial to NP-complete between
` = 3 and ` = 4. Finally, we consider the case where G is a planar graph.
Keywords: graph coloring; graph labeling; perfect matching; planar graph;
computational complexity.
AMS Subject Classifications: 05C15,05C85,05C17
1 Introduction
Backbone colorings were introduced, motivated and put into a general framework of
related coloring problems in [1]. We refer to [1] for related research, but we repeat
the relevant definitions here. Let G = (V,E) be a finite undirected simple graph, and
let H = (V,EH) be a spanning subgraph of G. A vertex coloring f : V → {1, 2, 3 . . .}
of V is proper, if |f(u) − f(v)| ≥ 1 holds for all edges uv ∈ E. A vertex coloring is
a backbone coloring for (G,H), if it is proper and if additionally |f(u) − f(v)| ≥ 2
holds for all edges uv ∈ EH . A proper vertex coloring f : V → {1, . . . , k} is called a
k-coloring, and the chromatic number χ(G) is the smallest integer k for which there
exists a k-coloring. The backbone coloring number bbc(G,H) of (G,H) is the smallest
∗
broersma@math.utwente.nl. Department of Applied Mathematics, Faculty of Electrical Engi-
neering, Mathematics and Computer Science, University of Twente, 7500 AE Enschede, The Nether-
lands.
†
fujisawa@math.keio.ac.jp. Department of Mathematics, Keio University, Yokohama 223-8522,
Japan.
‡
yosimoto@math.cst.nihon-u.ac.jp. Department of Mathematics, College of Science and Tech-
nology, Nihon University, 1-8 Kanda-Surugadai, Chiyoda-ku, Tokyo 101-8308, Japan
1
integer ` for which there exists a backbone coloring f : V → {1, . . . , `}. When dealing
with colorings, we say that two colors z1 and z2 are adjacent if and only if |z1−z2| = 1.
A Hamiltonian path of the graph G = (V,E) is a path containing all vertices of
G, i.e. a sequence (v1, v2, . . . , vn) such that V = {v1, v2, . . . , vn}, all vi are distinct,
and vivi+1 ∈ E for all i = 1, 2, . . . , n− 1. A perfect matching of G is a subset of |V |/2
edges of E that are pairwise vertex-disjoint.
We introduce for integers k ≥ 1 the following values, the first two of which are
copied from [1].
T (k) := max {bbc(G,T ) : G a graph with spanning tree T , and χ(G) = k}
P(k) := max {bbc(G,P ) : G a graph with Hamiltonian path P , and χ(G) = k}
M(k) := max {bbc(G,M) : G a graph with perfect matching M , and χ(G) = k}
In [1], the behavior of the first two values is determined, as summarized in the following
two results.
Theorem 1 T (k) = 2k − 1 for all k ≥ 1.
Theorem 2 For k ≥ 1 the function P(k) takes the following values:
(a) For 1 ≤ k ≤ 4: P(k) = 2k − 1;
(b) P(5) = 8 and P(6) = 10;
(c) For k ≥ 7 and k = 4t: P(4t) = 6t;
(d) For k ≥ 7 and k = 4t + 1: P(4t + 1) = 6t + 1;
(e) For k ≥ 7 and k = 4t + 2: P(4t + 2) = 6t + 3;
(f) For k ≥ 7 and k = 4t + 3: P(4t + 3) = 6t + 5;
The above theorems show the relation between the backbone coloring number and
the classical chromatic number in case the backbone is either a spanning tree or a
Hamiltonian path. Observe that they roughly grow like 2k and 3k/2, respectively. In
this note, we consider the case where the backbone is a perfect matching. We will
exactly determine all the values M(k) and observe that they roughly grow like 4k/3.
Their precise behavior is summarized in the following theorem, which is proved in
Section 3.
Theorem 3 For k ≥ 1 the function M(k) takes the following values:
(a) M(4) = 6;
(b) For k = 3t: M(3t) = 4t;
(c) For k 6= 4 and k = 3t + 1: M(3t + 1) = 4t + 1;
(d) For k = 3t + 2: M(3t + 2) = 4t + 3;
In Section 4, we discuss the backbone coloring number for planar graphs with per-
fect matching backbones, and additionally for planar graphs with Hamiltonian path
backbones, and raise some open problems.
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2 Complexity results
In this section we consider the computational complexity of computing the backbone
coloring number: “Given a graph G, a spanning subgraph H, and an integer `, is
bbc(G,H) ≤ `?” Of course, this general problem is NP-complete. In [1] it has been
shown that for this problem the complexity jump occurs between ` = 4 (easy for all
spanning trees H) and ` = 5 (difficult even for Hamiltonian paths H). We show here
that the complexity jump occurs between ` = 3 and ` = 4 in case of perfect matching
backbones.
Theorem 4
(a) The following problem is polynomially solvable for any ` ≤ 3: Given a graph G
and a perfect matching M , decide whether bbc(G,M) ≤ `.
(b) The following problem is NP-complete for all ` ≥ 4: Given a graph G and a
perfect matching M , decide whether bbc(G,M) ≤ `.
Proof. We start with the positive result in statement (a). So let G = (V,E)
be a graph with a perfect matching M = (V,EM ). For ` ≤ 2 the statement is trivial.
Now let ` = 3. We first note that in any backbone coloring with colors {1, 2, 3},
the color 2 can not be used at all, since each vertex is incident with an edge of EM .
Since the vertices with color 1 (color 3) form an independent set in G, it is clear
that such a backbone coloring induces a bipartition of G. On the other hand, if G is
bipartite, then assigning colors 1 and 3 to the vertices on both sides of the bipartition
yields a backbone coloring for any spanning subgraph backbone of G. This shows
that bbc(G,M) = 3 if and only if G is bipartite.
Now let us prove the negative result in statement (b). The reduction is done
from the NP-complete classical `-coloring problem (see Garey & Johnson [3] for more
information): Given a graph H = (VH , EH), does there exist a proper `-coloring of
H? This problem is known to be NP-complete for any integer ` ≥ 3.
Let H = (VH , EH) be an instance of `-coloring, and let v1, v2, . . . , vn denote the
vertices in VH . We create n new vertices u1, u2, . . . , un and introduce the new edges
viui (i = 1, 2, . . . , n). The graph that results from this is denoted by G. The new edges
form a perfect matching M of G. We complete the proof by showing that χ(H) ≤ `
if and only if bbc(G,M) ≤ `.
Indeed, assume that bbc(G,M) ≤ ` and consider such a backbone `-coloring.
Then the restriction to the vertices in VH yields a proper `-coloring of H. Next
assume that χ(H) ≤ `, and consider a proper `-coloring f : VH → {1, , . . . , `} . We
extend f to a backbone `-coloring of (G,M): If f(vi) ≤ 2, then ui is colored `, and
otherwise it is colored 1. This completes the proof.
3 Proof of Theorem 3
In this section we prove Theorem 3.
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Proof of the upper bounds. Let G be a graph which has a perfect matching M .
For a vertex v in G, we denote by n(v) the only neighbor of v in M . First we will
give upper bounds for M(k) in case k ≤ 5. If is obvious that M(1) ≤ 1. If χ(G) = 2,
replacing the color 2 of a proper 2-coloring of G by 3, we obtain a backbone coloring
for (G,M). Hence M(2) ≤ 3.
If χ(G) = 3, consider a 3-coloring c of G and replace the colors as follows to obtain
a coloring b:
• If c(v) = 1, b(v) = 1;
• If c(v) = 2, b(v) = 4;
• If c(v) = 3 and c(n(v)) = 1, b(v) = 3;
• If c(v) = 3 and c(n(v)) = 2, b(v) = 2;
Then b is a backbone coloring for (G,M) with colors {1, 2, 3, 4}, which implies that
M(3) ≤ 4.
In case χ(G) = 4 or 5, we use similar constructions as above. If χ(G) = 4, we can
construct a backbone coloring b for (G,M) by replacing the colors of a 4-coloring c
of G as follows:
• If c(v) = 1, b(v) = 1;
• If c(v) = 2, b(v) = 3;
• If c(v) = 3, b(v) = 6;
• If c(v) = 4 and c(n(v)) = 1 or 2, b(v) = 5;
• If c(v) = 4 and c(n(v)) = 3, b(v) = 4;
Hence M(4) ≤ 6. If χ(G) = 5, let c be a 5-coloring of G and replace the colors as
follows:
• If c(v) = 1, b(v) = 1;
• If c(v) = 2, b(v) = 3;
• If c(v) = 3, b(v) = 5;
• If c(v) = 4, b(v) = 7;
• If c(v) = 5 and c(n(v)) = 1 or 2, b(v) = 6;
• If c(v) = 5 and c(n(v)) = 3 or 4, b(v) = 2;
Then b is a backbone coloring for (G,M) with colors {1, 2, . . . , 7}, which implies
M(5) ≤ 7.
Now it remains to prove the upper bounds for the statements (b), (c) and (d) with
t ≥ 2. Consider a graph G = (V,E) with χ(G) = 3t for some t ≥ 2 and let V1, . . . , V3t
denote the corresponding independent sets in a 3t-coloring. Consider the following
color sets:
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• For i = 1, . . . , 2t, we define the color set Ci = {2i − 1}.
• For i = 1, . . . , t, we define the color set C ′i = {2i, 2t + 2i}.
Note that these 3t color sets are pairwise disjoint, and that all the colors from the
sets together cover the whole range 1, . . . , 4t. Moreover, note that the colors of the
sets Ci are odd (and hence at distance at least two apart) and that the colors within
a color set C ′i are at least a distance four apart. These properties will enable us to
construct a backbone coloring for (G,M) with (at most) the colors {1, 2, . . . , 4t}.
We construct such a backbone coloring for (G,M) that for i = 1, . . . , 2t assigns
the color of the set Ci to each vertex of the set Vi, and that for i = 1, . . . , t assigns
one of the colors of the set C ′i to the vertices of the set V2t+i, where the choice for
each vertex depends on the incidences with edges from M , as follows. The vertices in
V2t+1, . . . , V3t are colored greedily and in arbitrary order: Consider some vertex v in
V2t+i that is to be colored with one of the colors 2i, 2t+2i. The neighbor n(v) of v in
the perfect matching M may have been colored already by a color x, and thus forbids
the three colors x− 1, x, x +1 for vertex v. Since the distance between the two colors
in C ′i = {2i, 2t + 2i} is at least four, whereas x − 1 and x + 1 are at distance two,
C ′i contains at least one feasible color for vertex v. Applying this procedure, we can
complete a backbone coloring for (G,M) by coloring the vertices of V2t+1, . . . , V3t in
any order. This completes the proof and shows that M(3t) ≤ 4t for all t ≥ 2.
The cases k = 3t + 1 and k = 3t + 2 with t ≥ 2 follow by simple modifications of
the above arguments: For k = 3t + 1, we add the color set C2t+1 = {4t + 1}, and for
k = 3t + 2, we furthermore add the color set C2t+2 = {4t + 3}. It is obvious how we
can construct suitable backbone colorings in these cases. We omit the details. This
proves that M(3t + 1) ≤ 4t + 1 and M(3t + 2) ≤ 4t + 3 for all t ≥ 2, and settles the
upper bounds in Theorem 3 for all k.
Proof of the lower bounds. The case k = 1 is trivial. For k ≥ 2, we consider a
complete k-partite graph G that consists of k independent sets V1, . . . , Vk that are all
of cardinality k − 1. For 1 ≤ i ≤ k, let {vi,j | 1 ≤ j ≤ k, j 6= i} be the vertices of Vi,
and let M be a perfect matching of G such that EM = {vi,jvj,i | 1 ≤ i, j ≤ k, i 6= j}.
Consider some fixed backbone coloring of (G,M) with ` colors. Since G is complete
k-partite, any color that shows up in some set Vi cannot show up in any Vj with
j 6= i. We denote by Ci the set of colors that are used on vertices in Vi. If |Ci| = 1,
then Vi is called mono-chromatic, and if |Ci| ≥ 2, then Vi is poly-chromatic. For a
mono-chromatic set Vi, the color used on vertices in Vi is denoted by ci. We denote by
s1 and s2 the number of mono-chromatic and poly-chromatic sets, respectively. Then
clearly s1 + s2 = k and s1 + 2s2 ≤ `, hence
s1 ≥ 2k − `. (1)
Now for all pairs of the mono-chromatic partite sets Vi and Vj with i 6= j, there exists
the edge vi,jvj,i ∈ EM . Hence |ci − cj | ≥ 2, which implies ` ≥ 2s1 − 1. Then with (1),
3` ≥ 4k − 1, (2)
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which yields the lower bounds for all k ≥ 2, except for k = 4.
Suppose that k = 4 and there exists a backbone coloring b for (G,M) with ` ≤ 5
colors. Inequality (1) shows s1 ≥ 3. Without loss of generality, we may assume
that V1, V2 and V3 are mono-chromatic. Since {v1,2v2,1, v2,3v3,2, v1,3v3,1} ⊆ EM ,
{c1, c2, c3} = {1, 3, 5}. Without loss of generality, we may assume that the color
3 is used to color the set V1. Now since v4,1 ∈ V4, b(v4,1) ∈ {2, 4}. But b(v1,4) = 3
implies that v1,4 and v4,1 must have adjacent colors, a contradiction. This settles the
lower bounds for all values of k in Theorem 3.
4 The backbone coloring number for planar graphs
There are many open problems about backbone colorings. We refer to [1] and [2]
for details. In the last section of this note we only focus on some open problems for
planar graphs. For a planar graph G with a spanning tree T , the four-color theorem
together with Theorem 1 implies that bbc(G,T ) ≤ 7 holds. In [2], it is questioned
whether this bound 7 is best possible, whereas an example given there shows that one
cannot improve this bound to 5. How about the Hamiltonian path case? Also in this
case, it is natural to ask whether the bound 7 is best possible. We show here that one
cannot improve this bound to 5. Let G2 be the planar graph from Figure 1 in which
the Hamiltonian path P is indicated by the bold edges. To show that bbc(G2, P ) ≥ 6
u u u u u
G1:
v1 v2 v3 v4 v5
G2:
s s s s s s s s s s s s s s s s s s s s s s s s s
s s s s s
u1 u2 u3 u4 u5
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Figure 1: A graph G2 with a Hamiltonian path P such that bbc(G2, P ) = 6.
(implying that bbc(G2, P ) = 6), we use the following claim. Let G1 be the subgraph
of G2 with the indicated Hamiltonian path P1 as shown in Figure 1.
Claim 1 In any backbone coloring of G1 with colors {1, 2, 3, 4, 5}, at least one vertex
must have color 3.
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Proof. Suppose that there exists a backbone coloring b for (G1, P1) with colors
1, 2, 4 and 5. By symmetry, we may assume that b(v1) ∈ {1, 2}. Then, it is obvious
that b(v2) ∈ {4, 5}, b(v3) ∈ {1, 2}, and b(v4) ∈ {4, 5}. Hence, looking at b(v4),
b(v5) ∈ {1, 2}, contradicting that v1, v3 and v5 induce a K3 in G1.
Now suppose that there exists a backbone coloring for (G2, P ) with colors {1, 2, 3, 4, 5}.
Then Claim 1 implies that there is a vertex with color 3 among the neighbors of u1,
hence u1 cannot receive color 3. Similarly, Claim 1 implies that u2, u3, u4 and u5
cannot receive color 3. But the graph induced by {u1, u2, u3, u4, u5} is isomorphic to
G1, contradicting Claim 1.
What about the perfect matching case? The four-color theorem together with
Theorem 3 implies that bbc(G,M) ≤ 6 holds for any planar graph G with a perfect
matching M . It seems likely that this bound 6 is not best possible, but the planar
graph G3 with the indicated perfect matching M with edges ab
′, bc′, cd′, da′ in Figure
2 shows that one cannot improve this bound to 4. We prove here that we cannot find
a backbone coloring for (G3,M) with colors {1, 2, 3, 4}. First of all observe that G3
can be obtained from a plane embedding of the K4 induced by the vertices a, b, c, d,
by putting a new vertex in each face, and assigning the label x′ to the new vertex
in the triangular face bounded by the cycle uvwu, where {u, v, w, x} = {a, b, c, d}.
Supposing that we only use the colors {1, 2, 3, 4}, it is clear from this construction
that a, b, c and d have different colors, and that the colors of a vertex and its primed
counterpart are the same. Without loss of generality assume a and a′ have color 2.
Then both b′ and d must have color 4, a contradiction.
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Figure 2: A graph G3 with a perfect matching M such that bbc(G3,M) = 5.
The following problems are still open.
Problem A Is bbc(G,T ) ≤ 6 for any planar graph G with spanning tree T?
Problem B Is bbc(G,P ) ≤ 6 for any planar graph G with Hamiltonian path P?
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Problem C Is bbc(G,M) ≤ 5 for any planar graph G with perfect matching M?
Furthermore, we have no idea how to prove the (known and aforementioned) upper
bounds without using the four-color theorem.
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